Abstract : Tangible acoustic interface (TAI), whose key concept is to convert any touchable objects into natural interactive surfaces, is an innovative and exciting idea in humancomputer interaction. A key challenge for its development is to accurately locate the tactile interactions. In this Letter, we utilize Cramér-Rao lower bound to study the theoretical limits of impact localization using the hyperbolic positioning approach in TAI applications.
Introduction : Over the past two decades, research on the development of human-computer interaction devices has been concentrated on intangible interfaces such as text-to-speech, voice recognition and three dimensional computer graphics. In fact, touch is a key human sense in addition to sight and hearing. Recently, an innovative and exciting idea of interface design is to transform almost any object, such as table, wall and window, into an interactive interface, which is known as tangible acoustic interface (TAI) [1] . Unlike existing tangible devices such as keyboards and touch screens which constrain users to be in certain locations when interacting with computers, TAI technology provides a creative, natural and unrestricted interface alternative. The underlying principle of TAI is to utilize the acoustic vibration produced by the user contact with the objects. As a result, accurate localization of the tactile interactions is a fundamental and crucial issue for its development. Nevertheless, this is a difficult task because propagating an acoustic signal in a solid medium encounters dispersion, that is, the signal propagation velocity is a function of frequency.
In this Letter, theoretical limits of impact localization due to a finger tap on a TAI are investigated. We consider two-dimensional positioning and Cramér-Rao lower bound (CRLB) based on the range-difference (RD) measurements with known dispersion curve [2] is derived. In particular, it is proved that uniform angular arrays (UAAs) and its superpositions can attain the minimum CRLB for positioning, and this finding agrees with [3] - [4] for the simpler non-dispersive scenarios.
Signal Model and Performance Bound : Let ( ) be the known signal propagation speed or dispersion curve in the TAI, which is a function of the frequency parameter . Suppose that there are ≥ 3 acoustic sensors placed at known positions
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on the TAI, while the passive source ( ), which corresponds to the unknown finger tap
2 be the distance between the source and the th sensor. Impact localization can be achieved using the RDs, denoted by {Δ }:
which corresponds to a set of hyperbolic equations in terms of x.
The discrete-time signal received at the th sensor, denoted by ( ), can be modeled
where ( ) is the dispersed version of ( ) and ( ) is the additive noise. It is assumed that the source signal is zero-mean Gaussian distributed and bandlimited between ∈
[ , ] with power 2 while { ( )} are uncorrelated white Gaussian noises with variance 2 , which are independent of ( ). The sampling frequency in the analogue-to-digital conversion is Hz. With the phase velocity ( ) being known, we follow [5] - [6] to derive the CRLB for x, denoted by CRLB(x):
where −1 represents matrix inverse and F(x) is the corresponding Fisher information matrix of the form:
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and
The I i and 1 i represent × identity matrix and length column vector with all elements equal one, respectively, and SNR = 2 / 2 is the signal-to-noise ratio. Substituting (5) and (6) into (4) and after simplifications, we obtain
from which CRLB(x) can be computed. We are particularly interested in the minimum achievable mean square location error (MSLE), defined as {(ˆ− ) 2 + (ˆ− ) 2 } where (ˆ,ˆ) is the estimated impact position, by examining tr(CRLB(x)), which is the trace of CRLB(x). Following [4] , it can be proved that tr(CRLB(x)) is minimized when the sensors are positioned in UAA and its superpositions, and this finding agrees with [3] - [4] in the in-air positioning scenarios. The corresponding minimum value of tr(CRLB(x)) is:
Results and Conclusion : The CRLB for hyperbolic-based impact localization is now nu-
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As a result, UAA geometry is used in the remaining study. Figures 2 and 3 plot the CRLB versus SNR for different and , respectively. It is seen from Figure 2 that doubling improves the accuracy for about 3 dB for SNR > 0 dB. Figure 3 provides similar observation except that the 3 dB improvement property holds for all SNR. In Figure 4 , the CRLB versus SNR under different sampling frequencies is investigated. As the observation time is fixed, = 6 kHz and = 12 kHz correspond to = 128 and = 256, respectively. We see that for SNR < 5 dB, a larger gives a higher accuracy, while for SNR ≥ 5 dB, the three test cases provide the same performance.
To conclude, the theoretical positioning errors for hyperbolic-based impact localization in tangible acoustic interface are produced and studied. In particular, uniform angular arrays and its superpositions can attain the minimum Cramér-Rao lower bound.
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